This paper presents a general approach to valuing options where the reference variable is either normally or lognormally distributed. The approach taken here deviates from the standard equivalent martingale measure approach.
A DISTRIBUTION APPROACH FOR SINGLE FACTOR OPTION VALUATION MODELS

I. Introduction
The objective here is to present a methodology for deriving closed-form solutions for two categories of single factor option valuation models. These single factor models are classified based on whether the reference instrument follows a normal distribution or a lognormal distribution. These factor models are based on the reference This framework is particularly useful in markets where it is difficult to construct self-financing, dynamic replicating strategies. These markets include credit, energy, emissions, weather, and bandwidth as well as applying real options theory to physical assets. The methodology outlined here permits one to focus primarily on appropriately modeling the stochastic process of the reference instrument rather than construction of the equivalent martingale measure. This approach can also be used for situations where the equivalent martingale measure is believed to exist, providing identical results.
Also, one can isolate specific variables, such as liquidity, and estimate the market's current required compensation required. To motivate one application of our model, we illustrate an alternative method to estimate the price of options illiquidity. (See Brenner, Eldor, and Hauser [2001] .)
One potential justification for adding the methodology provided in this paper to one's set of alternative valuation procedures relates to risk management. For example, value-at-risk (VaR) is concerned with the lower tail of the distribution of a portfolio. The appropriate distribution is the actual distribution not the equivalent martingale measure.
Although most applications of VaR-type analysis is focused on the very short-term, in practice VaR horizons are known to exist even beyond ten years. For long horizons, the distributional difference between the equivalent martingale measure and the actual distribution is significant. Therefore, the methodologies proposed here are not intended to replace existing techniques, rather to supplement them.
II. Option Valuation Models Based on Moments
1) Basic Setup
Consider the standard set up for modeling prices (see, for example, Harrison and Kreps [1979] and Harrison and Pliska [1981] Specific assumptions of an Itô process include:
, uncertainty is characterized by a complete probability space, where the state space Ω is the set of all possible realizations of the stochastic economy between time 0 and time τˆ and has a typical element ω representing a sample path, ℑ is the sigma field of distinguishable events at time τˆ, and Ρ is a probability measure defined on the elements of ℑ .
3)
[ ] { } τ, 0 : ∈ ℑ = t F t the augmented, right continuous, complete filtration generated by the appropriate stochastic processes in the economy, and assume that ℑ = ℑ τ .
4)
F is generated by a single Brownian motion, initialized at zero for t=0 and
denotes the expectation with respect to the probability measure Ρ .
6)
For ease of exposition, we assume enough structure in these markets for the standard put-call parity to hold. Recall at the expiration of the options,
where t C denotes the call value at expiration t , t P denotes the put value at expiration t , and X denotes the strike price. Thus, at expiration,
We also assume value can be expressed as the present value of expected future payouts. Hence prior to expiration, One objective of valuation models is to estimate these present values. We assume that our valuation models will result in preservation of standard put-call parity.
{ }
Thus, for the remainder of this paper, we illustrate results for call options. A direct application of equation (5) will yield the results for put options.
Two categories of Itô processes are considered in this paper, linear lognormal models and linear normal models.
Linear Lognormal Stochastic Processes
An Itô process is classified as a linear lognormal model if it can be represented in stochastic integral form as Linear lognormal models have a wide variety of applications in finance. We briefly list a few.
Model 1:
Originally used by Black and Scholes [1973] and Merton [1973] . Also used in Rendleman and Bartter's [1980] interest rate model.
Model 2:
( )
Suggested by Pilipović [1998] for modeling the mean reversion in energy prices.
She also has a two factor model where t L is assumed to follow geometric Brownian motion. Multifactor models are the subject of another paper.
Model 3:
Also suggested by Pilipović [1998] to handle deterministic seasonality.
Linear Normal Stochastic Processes
An Itô process is classified as a linear normal model if it can be represented in stochastic integral form as
Here the noise term is independent of the level of the underlying asset value. The underlying asset for any 0 > τ follows a normal distribution.
Linear normal models have a wide variety of applications in finance. We briefly list a few here.
An arithmetic Brownian motion model used in various forms by Bachelier [1900] , Murphy [1990] , and Johnson and Barz [1999] . See also Smith [1976] . 
A mean reverting model used by Schwartz [1990] 
Option Valuation via Lognormal Distribution
Consider an underlying asset, t S , that is distributed lognormal and expressed as
where s µ is the expected value and 
where ( ) E denotes taking the expected value at time 0 = τ of the value of this function at time t = τ . Theoretically, the value today of this call option is represented as
denotes taking the present value. Assume that the appropriate discount rate for this call option is known and is expressed as c µ , then
Based on Appendix A, the terminal value of the call option is
Substituting equation (5) into (4), we have
where the first two moments of the lognormal distribution are known to be
An important insight is that the call option value can be estimated with the first two moments of the distribution of the underlying asset. Assuming we know the appropriate discount rate, then the task surrounds estimating ( ) 
For many options where SFDR is not possible, one may want to use information other than market prices to estimate the first two moments of the underlying distribution.
For example, temperature parameters are often based on history and meteorology.
With market quotes, participants can solve for the implied risk premium in an effort to assess the option's appropriateness for their needs. In Table II 
Assuming no risk premiums in this market, we have Note if we assume the underlying asset grows at the continuously compounded risk-free rate r , then 
Option Valuation via Normal Distribution
Now consider an underlying asset, t S , that is distributed normal.
where here s µ is the expected value and 2 s σ is the variance of t S . The expected terminal payout of a call option is again,
Theoretically, the value today of this call option is represented as
Assume that the appropriate discount rate for this call option is again expressed as c µ ,
Substituting (5) into (4), we have
From the definition of variance,
and the option valuation model can be expressed as 
III. Moment Estimation From Stochastic Differential Equations
General Setup
The goal here is to express the stochastic integral or stochastic differential equation in a form that leads to inferences about the distribution implied for the underlying variable. Mikosch [1998] identifies the following theorem.
Theorem 1: General Linear Equation
Consider the stochastic integral, We illustrate applying this theorem in two cases.
2.
Additive Noise (Normal Distribution) 
Arithmetic Brownian Motion with Arithmetic Drift
Consider an underlying asset where ( ) ( 
This is the option valuation model when the underlying asset is assumed to follow arithmetic Brownian motion with arithmetic drift. Substituting the first two moments we have the appropriate option valuation model for ABM with arithmetic drift.
Theorem 2: Option Valuation Model: ABM with Arithmetic Drift
{ }[ ] ( ) ( ) [ ] n n c d n t d N X t S t C σ µ µ + − + − = 0 0 exp (3.2.8a) t X t S d n σ µ − + = 0 (3.2.8b)
Arithmetic Brownian Motion with Geometric Drift
This stochastic process will require the following lemma. 
Consider ( ) ( 
Multiplicative Noise (Lognormal Distribution)
From equation (3.1.1a), consider the case where And we arrive at the well-known result
Therefore, the underlying asset is lognormally distributed with ( )
. From equation (2.4.9), (2.4.6), and (2.4.7) repeat here, we have
Substituting equation (10) into equation (9), we have the following results.
Theorem 4: Option Valuation Model: GBM with Geometric Drift
{ } { } ( ) ( ) [ ] l l l c B d XN d N t S t C − − − = µ µ exp exp 0 0 (3.3.11a) { } [ ] [ ] t t X S B B X t S d l l l σ σ µ µ ÷ ÷ ø ö ç ç è ae + + = + = 2 ln 2 exp ln 2 0 0 (3.3.11b) ( ) ( ) [ ] t S E S E B t t l σ = = 2 1 2 2 ln (3.3.11c)
Geometric Brownian Motion with Mean Reversion
A mean reverting model is now illustrated where
Comparing this model with equation (1) 
and from equation ( Taking the expectation of equation (16), we have
The second moment requires a bit more effort, but can be expressed as 
Therefore, the option valuation model for this mean reverting process is based on the lognormal option valuation model as expressed in the following theorem. 3.3.19c) where the first two moments are based on equations (17) and (18).
V. Conclusion
The objective here was to present a methodology for deriving closed-form solutions for two categories of linear single factor option valuation models. Two linear single factor models were identified based either the normal distribution or the lognormal distribution. These linear factor models are based on the reference instrument's stochastic differential equation being linear in the instrument, although not necessarily linear in time. For many option valuation problems, the valuation task hinges critically on estimating the first two moments of the underlying distribution.
Appendix A. Expected Values of Maximums Basic Properties
Assume two parameters µ , σ where − ∞ < < +∞ µ and σ > 0. Also assume the range of x is
Probability Density Function of the lognormal distribution:
Probability Density Function of the normal distribution:
The cumulative distribution function of a standard normal is expressed as: ( ) Recall the mean of a lognormal variable is
Note that from equation (13), 
